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ABSTRACT

This thesis involves investigation of linear filtering

models as a means of generating texture in images. Various

autoregressive filter models are used to generate various

textures, and the results are analyzed to determine rela-

tionships between filter parameters and texture characteris-

tics. A two-dimensional counterpart to the autoregressive

integrated moving average (ARIMA) model from one-dimensional

time series analysis theory is developed and tested for

texture modeling applications. All these models are driven
by white noise, and to the extent that real images can be

reproduced this way, advantages in image texture transmis-

sion could be realized. Results of this work indicate that

the purely autoregressive models work well for some types of
image textures,

but that for the textures studied the ARIMA

model is not particularly suitable.
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I. INTRODUCTION

The purpose of this thesis is to investigate the types
and quantity of image textures generated using a two-
dimensional (2-D) extension of the Autoregressive Integrated
Moving Average (ARIMA) model. For the one-dimensional
(e.g., time series) case, the theories and formulas describ-
ing this model are outlined in Box and Jenkins [Ref. 1:pp.
85-103)]. The 1-D ARIMA model is useful when the time series
to be modeled is not stationary but exhibits some
homogeneity in the sense that, except for statistical
differences between parts of the time series, these
different parts of the process behave similarly. In these
cases some suitable difference of the process may be
stationary, and hence may be accurately modeled by an
Autoregressive Moving Average (ARMA) or a purely
Autoregressive (AR) model. The resulting stationary time
series (generated by an appropriate ARMA or AR filter with
white noise input) is applied to an integra-tion or
summation filter (the inverse of the difference operation)
to generate the original nonstationary time series. [(Ref.
l:p. 85] Figure 1-1 shows a block diagram of this process.

This work attempts to extend these concepts to two-
dimensional signal processing. In order to simplify the

model, the moving average (MA) portion of it will be

N
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White Moving Time
Noise Average Autoregressive Summation Series
Filter Filter Filter >

Figure 1-1 Block Diagram for the Autoregressive
Integrated Moving Average Model

eliminated (i.e., no zeros in the filter Z transform) so
that only purely AR models will be considered for stationary
image generation. The procedures for modeling image
textures using AR models with white noise input are well
established [Ref. 2:pp. 454-456). However, a suitable two-
dimensional difference operation and its inverse must be
found to implement the concepts outlined above.
The research is divided into four areas:

1) Investigation of the various types of image textures
generated using AR models where filter coefficients
and size are determined a) arbitrarily, b) using a
two-pole separable model, and c) using a four-pole
separable model. Separability refers to the fact that
the Z transform of the AR filter can be factored into
components representing each dimension or direction of
the image.

2) Selection of a difference operator and a realizable
inverse (integration or summation) filter.

3) Application of the above autoregressively generated
images to the summation filter, and evaluation of
these results.

4) Attempted reproduction of actual images textures using
AR models whose coefficients are determined using the
statistics of the image, and comparison of these
results to those obtained by a) applying the .
difference operator to the real image, b) finding the
coefficients of the AR model that reproduce the
difference image, and c) applying the difference image
to the summation filter. This comparison was intended
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to discover what improvements, if any, may be realized
using the ARIMA model vice a purely ARMA (or AR)
model.

The remainder of the thesis is organized as follows.
Chapter II contains methods and results of investigating
various autoregressive image models. Chapter III deals with
the formulation, development, and testing of the two-
dimensional summation filter. Chapter IV contains the
results of applying various AR-~generated images to the
summation filter and addresses the application of the ARIMA
model to real image textures. Chapter V outlines conclu-
sions on the results and applicability of the ARIMA model.
Although the ARIMA modeling was not highly successful in
reproducing the textures studied here, plausible reasons are
given for their failure and conjectures are made about those
circumstances where the model would be more successful.
Appendix A provides information on the computer algorithms
used to implement the equations governing the above
processes. Appendices B through G contain derivations of
spectral and autocorrelation equations, and the correspond-
ing graphical results, governing the AR processes in Chapter
II. Appendices H and I contain graphical results associated
with the inverse filter development in Chapter III.

Image data were generated using computer programs
written in FORTRAN, compiled using Version 4.5 under the
VAX/VMS Version 4.4 operating system. The images were

displayed on the COMTAL Vision One/20. The gray level
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intensity range of pixel values is 0 (darkest) to 255
(lightest), so the image data generated had to be scaled to
that range for display (see Appendix A).
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IT. THE AUTOREGRESSIVE IMAGE MODEL

A two-dimensional signal (such as an image texture) can
be modeled using a two-dimensional AR model with white noise
input. The governing equations in the spatial domain are of
the following form [Ref. 3:pp. 325-326]:

P-1 Q-1 ) .

y(nm) = - § } ajjy(n-i,m-j) + w(n,m) (2.1)
i=0 =0
(i,3)#(0,0)

where y(n,m) is a signal representing the generated image
texture at pixel location (n,m), ajj is the filter coeffi-
cient matrix, and w(n,m) is a two-dimensional white noise
signal. The system function corresponding to the filter of

Eq. (2.1) is given by

1

¥(z3,23) = 5] -1 1 -1 -(p-1) - (0-1)
l+aloz1 +a0122 +allzl z, +"’+aP—1Q-lzl 22

(2.2)
{- W(zl,zz)

where zj; and zé 9re4the Z transform variables corresponding
to spatial coorafnates n and m. Ideal white noise has an
autocorrelation function that is an impulse and a flat (con-
stant) power spectrum with magnitude corresponding to the
variance of the white noise process [Ref. 4:pp. 22-26].

Therefore determination of the filter coefficients ajj will

define the generated image process. Procedures will be
11
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outlined later to estimate the coefficients from real image
data. At this point analytical methods will be used to
select these coefficients and the resulting images will be
studied. Figure 2-1 shows an example of a white noise input

image.

Figure 2-1 White Noise Image

A. ARBITRARILY SELECTED FILTER COEFFICIENTS; P = 2, Q = 2
In order to get an initial idea of what types of images

might be generated using a 2 x2 AR filter with white noise

input, filter coefficients were at first selected arbitrari-

ly, but subject to a stability constraint. The primary con-

straint on coefficient selection 1is that of filter

stability. Using the DeCarlo-Strintzis Theorem dealing with

multidimensional filter stability ([Ref. 3:pp. 197-198)],

alternately setting z; =1 and z; = 1 and determining the
location of the pole in the remaining dimension will

indicate whether or not the filter is stable. If <the

12
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magnitude of the pole in the remaining dimension is less
than 1, the filter is stable. Even with this condition,
however, there are an infinite number of possible filter
coefficient combinations. The additional constraint of
ajg ~ 491 can be used, and comparisons of results using
various values of ajj; can be made.

Figure 2-2 shows the form and directionality convention
used for the autoregressive filter, along with the corres-

ponding difference equation and its Z transform.

h(n,m)
m(22) ap) aiy l 1 ) )
yinm =- § ¥ a..-y(n-i,mj) + win,m)
1 210 i=0 j=0 ]
n(z;) (1,3)#(0,0)
Y(z;,2,) = H(zl.zz)-w(zl,zz) = ) 1 -] =7 - W(z.2))
l+aloz1 +a0122 +allz1 z,

Figure 2-2 Autoregressive Filter Impulse Response,
Difference Equation, and Z Transform

Although it is difficult to make precise predictions in
two dimensions, one can expect that the sign and magnitude

of ajg or apj; would influence the correlation between pixels

13
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in the corresponding directions. For example, a positive
value for a ;o might be expected to yield an image with
substantial variation in the n direction (low correlation),
particularly if the magnitude of aj;gp is near 1. A negative
value for ap; with magnitude near 1 might yield an image
with lower variations in pixel intensity (high correlation)
in the m direction. Since the filter is not necessarily
separable (i.e., the denominator of H(z;,2z;) cannot be
factored into the form D(z,)°D(z3)), conclusions drawn from
this line of reasoning may not be completely correct.
Initial attempts at generating images with arbitrarily
selected coefficients yielded rather uninteresting results
having very 1little contrast or discernible pattern.
Continued experimentation with combinations where
ajp = agy < O eventually yielded more interesting image tex-
tures. Figures 2-3 and 2-4 show the results of using the
constraint aj;g = agy = -0.35 and various values of aj;; for
the filter coefficients. For positive values of aj;;, the
images are rather "grainy," with higher magnitudes yielding
a somewhat "finer" graininess. There are also some overall
intensity differences observed. For the negative values of
ajj, the results are much more interesting. As the magni-
tude increases, there is a gradually more noticeable upper
left to lower right orientation of the image texture, and
the variations from 1lower 1left to upper right become

smoother as well. Using ajg =23y = -0.38 and aj; = -0.24

14
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ajp = ap; = ~0.35

611 = 0.0

)y = apg; = =-0.35 ajo = ag; = -0.35

all = -0.1 611 = ~0.2

Figure 2-3 Images Generated Using Arbitrarily
Selected Filter Coefficients
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ajo = ag; = -0.35 ajpg = apgy = -0.35

aj;y = -0.25 aj; = =-0.27

a9 = ap; = -0.35 ajpo = apg; = -0.38

&11 = «0,.3 all = -0.24

Figure 2-4 Images Generated Using Arbitrarily
Selected Filter Coefficients
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yields minor variations in texture pattern and overall image
intensity when compared to the previous case.

Using a ;g = ag; = 0.35 and varying a;; from 0.0 to 0.8
(Figure 2-5), the images obtained deviate very little from
the mean intensity value, and possess minor differences in
graininess. With these positive coefficients some negative
correlation might be expected, and the fact that these
images are "grainy" indicates the existence of some negative
correlation or high spatial frequency characteristics. on
initial examination, however, the 1low contrast of the

generated images tends to obscure the observed graininess.

B. TWO POLE, SEPARABLE AUTOREGRESSIVE MODEL

In general, it is difficult to relate the nature or
properties of a two-dimensional filter to the precise nature
of an image texture that may be generated when white noise
is applied to that filter. 1In order to simplify the effort
and to obtain a better understanding of the problem, the
case where the filter (and resulting image texture) are
separable is considered. For the two pole separable case
considered here, the filter transfer function can be
factored into expressions in z; alone and 2z, alone. The
expressions in z; and z; each have one pole on the real axis
in their respective Z domains. Figure 2-6 illustrates the
filter structure, the corresponding difference equation, and

its Z transform.
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ajg = apg; = 0.35 ajg = ag; = 0.35

a;; = 0.0 aj; = 0.2

alO - aOI = 0.35 alo - 301 = 0,35

a;; = 0.5 a;y = 0.8

Figure 2-5 Images Generated Using Arbitrarily
Selected Filter Coefficients
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h(n,m)
n(z3) a0 ;) 1 1
1 yinm =- J ] a. . -yl-imj) +wn,m
= i=0 j=0 13
n(z;) (i,3)#(0,0)
(a;) = a35°a¢;)
Y(z,,z,) = H(z,,2,) "W(z,,2,) = 1 . 1 - Wiz, ,z,)
192 1°°2 1'°2 l+a z:l l+a z-l 1'°2
1071 0172
1

- T WEeE)

= !
1+a) 2,7 4a5 2,74, 4-a4,2) 2,

Figure 2-6 Autoregressive Filter Form, Difference
Equation, and Z Transform

Here it is relatively easy to relate stability of the
filter to the location of the poles in the z, and 2z, planes.
Since the gquarter plane filter is separable and the
components are causal, one-dimensional filter stability
theory can be used to state that the poles in each plane
must have magnitude less than 1 to ensure filter stability.
Figures 2-7 through 2-9 show images resulting from this
model for various values of a;o and ag;. Note that the sign
convention used for the filter difference eguation and ¢
transform results in poles on the negative side of the real
axis for positive values of ajp or ap;. and vice versa.

19
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410 = ag) = 0.95

ajp = apg; = 0.8

Y 3

AR IR A TS )

f as ??-’—.‘ .‘

aA190 = ag; = 0.5 ajg = agy = 0.25

410 = agy = 0.1

Figure 2-7 Images Generated Using a Two-Pole
Autoregressive Model
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ajp = -0

Figure
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aj0 = 0.5 ag; = 0.95 ajg = 0.95

.95 ap; = 0.25

2-8 Images Generated Using a Two-Pole
Autoregressive Model
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ajp = -0.95 apgy = 0.75 ajp = 0.95 apgy = -0.95

ajp = 0.25 ag; = -0.25

Figure 2-9 1Images Generated Using a Two-Pole
Autoregressive Model
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Careful comparison of the images resulting from various com-

binations of aj;p and ap; leads to the following

observations:

o d A N

When poles are located in the same place in the z; and
z, planes on the negative side of the real axis,
magnitudes near 1 yield a fine graininess with patchy
areas and low overall contrast. As the magnitude of
the pole decreases, the graininess becomes more coarse
and the result is more like the original white noise
input. No directional quality in the image pattern is
observed.

When poles are located in the same place on the posi-
tive side of the z; and 2z, real axes, a somewhat dif-
ferent result is observed. For magnitudes near 1, an
image of patchy light and dark areas results, with
differing amounts of correlation between pixels in
different areas. Slightly discernible "lines" in both
the horizontal and vertical directions are also
observed. For lower pole magnitudes on the positive
side of the real axis, the decreased effect of the
filter on the white noise input is again observed.
This result is more like the white noise and has more
contrast than the corresponding result using poles on
the negative side of the real axis.

For pole placements in the z; and L) planes which are
on the negative side of the real axis and are of
unequal magnitude, the results have a very fine
graininess and low contrast. Some slight direction-
ality is observable in the image patterns, with lower
frequency variations evident in the direction corres-
ponding to the pole with smaller magnitude.

For pole placements in the z; and 2z, planes which are
on the positive side of the real axis and are of
unequal magnitude, much more directionality and varia-
tion is observable in the image pattern.

As the poles are placed on opposite sides of the real
axis and are separated by a greater distance, direc-
tionality becomes more evident (with higher frequency
variations in the direction of the more negative
pole). As the pole separation becomes greater and as
the pole magnitudes become closer to 1, smoother sinu-
soidal variations are evident.

When the pole magnitudes are equal and have opposite
sign, the image generated using pole magnitudes close

23




.

»

g ”, b " . .,
IR AR . R TR

to 1 exhibits high frequency sinusoidal variations in
the direction of the negative pole. The image gener-
ated with the lower magnitude poles, as would be
expected from the above results, resembled the
unfiltered white noise.

In order to explain these image patterns analytically,
analysis of the power spectrum and autocorrelation function
of this process is useful. Since this model is separable,
the analysis can be conducted in each direction separately.

The power spectrum is defined by [Ref. 4:pp. 24-34]:
Syw) = o2|H(e¥) |2 = o2H(eI)H(eTI) (2.32)
where
H(edd) = H(z)]|g=el® (2.3b)

and for this case

H(z) = —-——l—T (2.3¢)

1 +oz
Here 02 is the magnitude of the white noise power spectrum.
We can assume that o2 = 1 with no loss of generality of the
results, since 02 does not affect the shape of the frequency
response.
The autocorrelation function is related to the filter
transfer function through the equations ([Ref. 5:pp. 391-

3957
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h(n) = 2z~1[H(2)] (2.4a)
y(n) = h(n)*w(n) (2.4b)
Ry(g) = 02 ] hin)-h(n-2) (2.4c)

n=-

Specific forms of the power spectrum and autocorrelation
function are given in Appendix B. Since Ry (L) = Ry(-%)
[Ref. 5:p. 388], calculating the expression for Ry(%), 2 <0

: is not necessary. From Appendix B, the results are:

N
X,
Sy(w) = L 5 (2.5)
1 +2000s (w) +o
Ry() = 2 w0 (2.6)
l-0

Appendix C shows the results of these equations
graphically for various values of a. The relationship be-
tween the power spectra and their corresponding autocorrela-
tion functions conforms to the expected results from theory
(i.e., low frequency spectrum with smooth autocorrelation
function, and high frequency power spectrum with rapidly

varying autocorrelation function) [Ref. 6:pp. 139-142]. The

plots in Appendix C also demonstrate that: 1) For poles on
the positive side of the real axis in the 2 plane low fre-
quencies predominate and for poles on the negative side of

the real axis high frequencies predominate, and 2) Lower
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magnitudes of a result in a broader power spectrum and a
wider range of frequencies of significant magnitude. Both
of these observations agree with the image results. For
images generated using a more negative pole in a given
direction, fine, high frequency graininess is observed in
that direction (though the low contrast or low variation
about the mean intensity may tend to make this effect less
noticeable). When a more positive pole is used, lower fre-
gquency variations are more evident in the corresponding
direction. As lower magnitudes are used for o in a given
direction, more random variations (indicative of a wider
range of significant frequency components) are observed in
that direction. The form of the autocorrelation function
for these cases approaches the autocorrelation function for
white noise, i.e., an impulse. Negative poles should yield
high frequencies since the negative side of the real axis in
the Z plane represents a digital spatial frequency of 7,
while positive poles in the Z plane correspond to a digital
spatial frequency of =zero. Note that even when the poles
are placed such that a spatial frequency of zero should pre-
dominate, there are some low frequency random variations in
the resulting images. Since the power spectra of the posi-

tive poles all contain some non-zero frequency components

(they are not perfect impulses at zero), this characteristic

is expected.

2 VR L n s 2 AN CAae
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C. FOUR POLE, SEPARABLE AUTOREGRESSIVE MODEL

For the cases considered in this section, H(z) again can
be factored into expressions in z; and z,. However here
each factor is a 2nd degree polynomial with two poles in the
denominator. Figure 2-10 illustrates the filter structure,

the applicable difference equation, and the corresponding 2z

transform.
h(n,m)
n(zy) ag2 a2 azz 2 2
= - L i,m-j) + ’
ag1 211 a: -y (n,m) iéo jzo a3 y(n-i,m-j) +w(n,m)
1 ajo0 azo (i,3)#(0,0)
n(z,)
1 1 .
Y(z,,2,) = H(z,,2,)-W(2,,2,) = — - -h(zl,zz)
1’72 1’72 172" -1 2 ) -
1+alozl +a202l l+aOlz2 +a0222
1 W(z.,z,)
= =) ) = =) 1 -1 =2 -1 -1 -2 =2 -2 1'%2
l+aloz +azoz1 +a01221+a0222 +allzl 22 +a2121 22 +a1221 z, +a22 1 z,

where

a)) T @978y Ay T 315°3gpF A1 T 3r7319¢ 3 T 307%2

Figure 2-10 Autoregressive Filter Form, Difference
Equation, and Z Transform
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Since all of the ajj coefficients are real, the poles
must 1) both be on the real axis, or 2) occur in complex
conjugate pairs in the z; and z; planes. Again, pole magni-
tudes must be less than 1 to ensure filter stability. We
will assume here that the poles in each of the factors have

equal magnitudes and opposite (or 0 or *1m) phase. Letting

a1 = magnitude of poles in the z; plane
81 = pole angle (phase) in the z; plane
o = magnitude of poles in the z; plane

6, = pole angle (phase) in the z, plane
and using Euler's relation, the denominators of H(z;) and

H(z;) can be expressed as follows:

& -je
-1 -2 _ J11 1-1, _ 4. -1, 2. =2
1+allzl +a2021 = (l-a z, ) (1- oy zq )y =1 Zalcos(el) 2y +oclzl
30, _ -39, _ -1, 2 -2
l+aOlz l+a02 22 = (l-aze 2221)(l-a2e 221) = 1—2azcos(62)z2 +a222
Hence:
ajg = -203°cos(9,4) apy = -205°cos(8;y)
2 _ 0L2
aspg = al ag2 = M

This gives a relationship between the pole magnitude and
angle in the Z domain and the filter coefficients in the

spatial domain.
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1. (o] Conjugate s
Figures 2-11 through 2-13 illustrate images
generated using this model for various complex conjugate
pole combinations in the z; and z, directions. In comparing
each of these image textures in terms of the relative effect
of pole positioning in each direction, the following obser-
vations can be made:

1) For images generated using poles of equal magnitude
and angle in both directions, graininess with no
directionality to the pattern resulted. Higher pole
angles yielded finer (higher frequency) graininess and
less contrast. Lower magnitude poles yielded a more
random and less structured graininess pattern at the
same pole angle.

2) Using a pole angle of zero (pole on positive real
axis) in one direction and a pole of some non-zero
angle in the other direction yielded images with
highly directional sinusoidal patterns. The direction
corresponding to the pole on the real axis was not
totally devoid of variation, but variations were slow,
i.e., of very low frequency. The spatial frequency of
the sinusoidal pattern can be increased by increasing
the pole angle. Large magnitude, high pole angle
combinations yielded much cleaner and more structured
textures than low magnitude, low pole angle combina-
tions. Lower magnitude, high pole angle combinations
yielded less structured textures where directionality
was evident but the sinuscidal pattern was obscured.
Low magnitude, low pole angle combinations yielded
very random, non-structured textures of relatively
high contrast.

3) Using poles in the z; and 2z, planes with the same
magnitude but different pole angles resulted in some
directionality if there was a sufficiently large
magnitude and difference in the pole angles. As
observed earlier, the direction with the higher pole
angle had the higher spatial frequency. Large pole
magnitudes (close to 1) resulted in more structured
but rather low-contrast images (the 1low contrast
seemed to obscure the high frequency nature of the

pattern somewhat). Pole angles in z; and z; that were

of close value made it difficult to detect the higher

frequency (higher pole angle) direction. Low
29
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Figure 2-11 1Images Generated Using a Four Pole
Autoregressive Model (Poles Listed
Below Image)
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Figure 2-12 Images Generated Using a Four Pole

Autoregressive Model (Poles Listed
Below Image)
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Figure 2-13 Images Generated Using a Four Pole
Autoregressive Model (Poles Listed
Below Image)
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magnitudes basically negated the pole angle effects
and yielded a very random, unstructured, high contrast
texture.

4) Where pole magnitudes were close and pole angles were
different in the z, and z, planes, some directionality
in the texture was observed. Again, the high pole
angle direction yielded the highest frequency. When
the pole angles in both Z domains had similar values
and the magnitudes of the poles differed, graininess
with 1little or no discernible directionality or
structure resulted.

These observations are consistent with classical
pole-zero frequency response analysis [Ref. 7:pp. 323-331]).
There is a direct relationship between pole angle and
spatial frequency in a given direction, and the magnitude of
the poles affects the amount of structure and definition of
the sinusoidal pattern of a given frequency in a given
direction. Higher magnitude poles result in a narrower
bandwidth of the filter and yield more structure and
sinusoidal pattern definition. Low pole magnitudes give the
filter wider bandwidth and yield images with less structure
and definition and more randomness in a given direction.
While directional dependencies are evident given pole
magnitude and angle in a given direction, it does not appear
that a pattern in one direction is totally independent of a
pattern in the other direction. This would be expected,
even though the model is separable, due to the cross terms
in the filter structure.

Filter power spectrum and autocorrelation analysis

can be conducted in this case, as in the case of the two

pole model. The derivations for Sy(w) and RY(;) are
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somewhat more involved, and are given in Appendix D. The

resulting expressions for Sy(w) and Ry(l) from Appendix D

are:
Sy (w) : (2.7
W = .
Y l+u4+2(u2-2[a3-a]cos(6)cos(w)+a2(cos(29)+cos(2w))) )
a2 cos (£8) cos((2+2)6)—a2cos(26)) 2 > 0)
Ry() = (- SR > (2.8)
2sin“8 1 -a 1+ =20 cos (26)
The plots of these functions for the various pole
magnitudes and angles used are given in Appendix E. The
8 = 0 case is equivalent to having 2 poles on the real axis

at a given magnitude in the Z plane. As would be expected,
the power spectrum for each model showed higher magnitudes
at digital frequencies close to the pole angle. Higher pole
magnitudes yielded sharper, more well-defined power spectrum
magnitudes at the given frequency, and lower pole magnitudes
yielded less well defined more spread-out power spectra.
Low pole magnitudes almost completely obliterated evidence
of low frequency power spectrum components, and degraded its
definition and sharpness at higher frequencies. This
corresponds to the observed results in the image textures
generated. The autocorrelation functions also reflect the
appropriate relationship to the power spectra as outlined in

the discussion for the two pole case, 1i.e., greater
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variation in the autocorrelation function indicates greater
variation between pixels a given distance apart, which in
turn implies higher spatial frequencies.
2. Two Rea]l Poles

Rather than using complex conjugate pole locations
to obtain real filter coefficient values, two poles on the
real axis may also be used for a given direction. They may
be placed at different locations on the real axis, or they
may be placed together. The latter situation is equivalent
to the 9 = 0 (or ¢ = t71 if placed on the negative real axis)
case, as mentioned above. For the two real pole case, the

relevant equations are:

1 1

Hiz) = o1 = i -1 )

(l—aaz )(l-abz ) l-(aa+ab)z +aaabz

il _ 1
) 1+ ?[+a z-7
1% 02

where

agy = —(xa t+ 1p)

ac2 = *a''p

For these experiments a transfer function of the
complex conjugate pole form was used for the z; direction,
with . = 0.9 and ; = 0. For the z, direction a transfer

function with two poles on the real axis was used. The
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image textures that result for various values of %, and *
are given in Figures 2-14 and 2-15. Some observations can
be made about these results:

1) With poles placed at the same value on the z; real
axis, rather unstructured, low frequency variations
are observed in the 2z, direction. The more positive
poles result in very slow variation in the image
texture, while the lower magnitude positive poles show
more variation in the 2; direction. When the poles
are placed in the same location on the negative side
of the real axis, a low contrast image with some
noticeable high frequency variations results.

2) As the poles are moved farther apart on the z; real
axis, high frequency variations with increasing struc-
ture and oscillatory form are evidenced in the 2z,
direction.

3) When poles with equal magnitude and opposite sign are
used, fairly structured high frequency variations are
evidenced in certain areas of the image, while low
frequency variations are evident in other areas in the
2z direction. Higher magnitude poles yield more
discernible, structured variations, while lower
magnitude poles of opposite sign yield discernible but
non-oscillatory high frequency variations in certain
areas of the image.

Of particular interest is the fact that two poles
placed at the same value on the negative real axis in the z,
plane yielded some high frequency variations. This is in
keeping with the fact that values on the negative real axis
correspond to a pole angle (and corresponding digital
frequency) of 6=mw. The presence of poles on the negative
side of the real axis of the 2, r .ne seems to give rise to
the high frequency variations with gradually more structure
and oscillatory appearance as the pole is moved to the left

(more negative).
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Figure 2-14

Images Generated Using a Four Pole
(Two Real Poles) Autoregressive Model
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Figure 2~15 1Images Generated Using a Four Pole
(Two Real Poles) Autoregressive Model
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The expressions for the power spectrum and autocor-
relation function for the random process produced by driving
the filter of Figure 2-10 with white noise are derived in
Appendix F. It is shown there that the power spectral

density and the autocorrelation function are given by:

Sy(w) = 5 s :
1—2(aa+ab+aaab+aaab)cos(w)+2aaabcas(2w)+aa
2 22
+ 2aao(.b+otb+oca0tb (2.9)
2+4 2 2+1 2+2
o +0
Ry (L) = 1 [ a % %% 2] (2.10)

~ab) l—a l-OLaO‘b l-ab

Plots of these functions for the various values used
in this section are given in Appendix G. The power spectrum
results are consistent with the observed image spatial fre-
quency characteristics. Both 1low and high frequency
components were contained in some of the power spectra, and
were manifested in the corresponding images as both low and
high frequency variations in the 2z, direction. The nature
of the autocorrelation functions related to the power
spectra that contained low and high frequency components was
interesting. Autocorrelation functions with much variation

but all positive values, rather than the equal magnitude

39




W E W

v e

-

R e 2 W e Te
"'.J:T;’.;".’L"m'\ LA™ - '

WISV W LW, Ty M P YRR N

positive and negative values evidenced in earlier results,
seems to reflect the higher level of correlation related to
the low frequency (smoother variations) aspect of the image

texture variations.

D. IMAGE TEXTURE ROTATION TRANSFORMATION

If an image signal x(np,n;) consists of a rotated
version of another image w(m;,my) such that n; = Im; + Jm,
and n; = Kmj + Lmy, where I, J, K, and L are integers and
IL-KJ # 0, then the Z transform X(z7,2z3) is given by
W(z%,zf,ii,z%) [Ref. 3:p. 182]. A 45° rotation corresponds
to I =1, K=1, J =1, L = -1. If we use the four pole
separable result for H(z,,z;), as shown in Figure 2-10, and
apply the above transformation (z7 -~ z%z%,zz > zizgl), we
find after simplification:

1

Hp(z122) = T 27 L1 = 3-1
L+ag 2,72y 8452, 25%8)421 2y 31080121 21020271 %2

-2 -2 -3,71 - 2.11
+ ay0%) 2y *a, 530121 %2 t¥x0%02% ( )

Notice that this transfer function is not separable but

consists of a rotated version of a separable filter. Figure

for this filter. It has the form of a non-symmetric half-

1
1
|
[
2-16 illustrates the support of the denominator polynomial }
plane infinite impulse response (IIR) filter, so it is ‘

recursively computable.
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0 0 asg 0
0 azoaopl 0 axo
220202 0 ajoaopl 0 1
0 ajoag2 0 ag1 0
0 0 ags 0 0

Figure 2-16 Rotation Transformation Filter Form

The application of this filter, using filter coefficients of
+ ..TT-

J
| the four pole separable filter with poles at z; ~ 0.9e 2,

zy 0.9¢*30 in the original separable filter yielded the

result shown in Figure 2-17.

Figure 2-17 Result of Rotation Transformation

E. SUMMARY
Autoregressive models can produce a variety of image
textures. For general two-dimensional models, the system

functions are generally not factorable and singularities
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occur on surfaces, not at isolated points. For these
reasons it is dQifficult to design two-dimensional filters
for images and predict the resulting character of the
images. Indeed, even to ensure stability of the filter is
not trivial. As a result we concentrated here on separable
forms, which by their nature are much easier to analyze.
Certain types of texture patterns using various separable
autoregressive models can be predicted based on filter pole
placement in the z; and z, planes. Arbitrary or random
selection of filter coefficients can yield interesting but
generally unpredictable results. Obviously, an infinite
number of variations on the models above could be attempted.
Ultimately, the anticipated wutility of the textures
generated will guide the process of model and parameter

selection.
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III. IMPLEMENTATION OF AN F S TION FILTER
IN TWO DIMENSIONS
To implement the 2-D ARIMA model, the inverse of a
. filter representing a suitable difference operator |is
: needed. One possible 2-D difference operator is the
Laplacian, which has the impulse response shown in Figure 3~

1 [Ref. 8:pp. 212-213].

m h(n,m)
0 -1 0
-1 [:] -1 n
o -1 0

Figure 3-1 Laplacian Impulse Response

Its implementation involves convolving it with an image
and is represented by the following difference equation:
1 1

y(n,m) = ] ]} bijjx(n-i,m-j) (3.1)
i==1 j=-1

where

x(n,m) is the image input signal, and

bj; is the filter coefficient matrix
(bj5 = h(i,3))
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In the Z-transform domain this can be written as:

Y(21,22) = H(21,22)'X(21,22)

= (4 - z71 - zy - 271 - z5)*X(zy,25)

In areas of an image where adjacent pixels have similar gray
levels (low frequency, homogeneous areas), the result of
this operator will be approximately zero. Where significant
or sharp differences in gray levels between adjacent pixels
exist, the result of this operation will be farther from
zero. Thus the Laplacian difference operator is sometimes
used as an "edge detector."

The problem addressed in this chapter is constructing
the inverse of the operator. In the 2Z domain, the
expression for the inverse would be [Ref. 4:p. 36]:

1 1

-1 = ————— =
A 7(z1.23) H(z,,2z,) -1 -1
1’72 1

which has an expansion as an infinite series of positive and
negative powers of 2z; and z;. That 1is, considering this
expression as a problem in long division, the result of such

division would be an expression of the form:
H™l(zy,25) = 1]

where

e L AR, B 9 ® " an"a.m AU RSl A
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ajj = coefficient values of ifii resulting from the
long division “

Note that if

-l _ —l - ) ’:‘/‘-x; :i‘-): 1] l 2
4 - zl zl 22 22 1 3

then cross multiplication would yield:

X xr

(4 - 2"l - z] - z"2 - z3) Z ' Z aijz-lz-J = 1 (3.3)
l:—\l) 3:—-1\
The double summation expression in 2z; and 2z, will be
truncated and considered to be an FIR filter with finite
support and coefficients ajj- This approximates the desired
inverse filter. In particular, we will use the following

constraints:

w . 1) Choose the limits of summation to be equal in both
directions, i.e.,

This results in a "square" region of support for the
filter (all values outside assumed zero).

2) Force the values for the filter coefficients to be
symmetric, i.e., ajj = a_jj

= a-ji = aj-i = a_j-i.

aj-j = a-i-j = ajj

Using these constraints and implementing the cross
multiplication equation (3.3) will result in an expression
in z; and z,, with each combination of the fiiz terms having

a coefficient whose form is a summation of terms in ajj

et A" a"
-

. ARttt et et S
N N N AP AT AP L N

o

- " = - - - - - . . - NI - “aNa” AT e Y
Sl AT AN e .'_\-,"-J,‘- SN \)\._'.-.\_,‘-._\ RIS O \. NS AN

a & LW a s A s Ll




r-..--'--I-'--.-"'-ﬂF-'F-H-!H"F-'HUWFUWHIHHIUTHU'F"IFHHTHFVﬂFVﬁﬂ{'Fw'ww'wv'w

where the coefficients of ajj are either 4 or -1. The
coefficient of the z?z% term must equal 1 and the coeffi-
cient of any other zfizgj term must equal zero to satisfy
equation (3.3).

As an example, let L = 1. Equation (3.3) can then be

expressed as:

——
H»
[}
N
t
[
1
N
P
|
N
|
[
|
N
[\
S

1 1 11
= 1 + O'Zl + 0'22 + 0'2122 +

Performing the double summation yields

[t Lad
(IRl and

ajjzrizyd = a_y_jz{z} + a-jpzfzd + a-llz%z?} +

’-ﬁ.
1}

+ aoozfzg + ao,lzfzg + al_lzflz% + alozfl

+ a0122

1+ ajpz]lzg?

Performing the cross multiplication would yield 45 different
terms in various combinations of inzgj. Combining these
terms to find the coefficient expression for each inzgj
term soon becomes rather tedious and impractical for even
moderate values of L. An alternative way to proceed is to
choose a zfzb term on the right hand side of the equation,

2

and for each term in the expression 4-z3jl-z;-231-z;, deter-

mine what values of i and j are required so that when

each term is multiplied by aijziizzé, it will result in an
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expression in the chosen zlzb term on the right hand side of

the equation. Choosing z%zg (= 1) on the right hand side of

the equation, we have:

4-ajjzitzzd = cz%29 when i = 0 and j = 0: so ¢ = 4agp
ep=l.a..2-1,"]) = 0,0 .o . _
277 "aiyz) 223 cz iz when i 1 and j 0; so c a_g
—2=1l.a..2-15-3 = 0,0 . L L
2 ajyz *z = cz-zY when 1 = 0 and =-1; s = -a
2 13% 2 172 3 o C 04
zy aljzflzzj = Czolzg when i = 0 and j = 1; so ¢ = -agy

So the coefficient for z%zg is simply a summation of the c

terms obtained above, i.e.,

(4agp™~ &10 ~ 10 ~ Ap-1 ~ 301)20123

This entire expression must equal 1 to satisfy (3.3), and
since z(l’zg = 1, 4agg - a-10 - 410 - ap-1 - apy =1 also.
Using the same method for the zizé term on the right

hand side yields:

4- aljzllzzl = czyzl when i =41 and j =7 so c = 4a_1
—z2-loa..2-13"3 = 1,1 = - Po= =1 = -
z ajy2z. "z = cz'z- when 1 = -2 and = -1; so cC a_o-
1 1J12 172 ] 2-1
-z aljzl 23 = czizé when i = 0 and j =-1: so ¢ = -ag-)
—2=l.a..2-12"] = 1,1 = - j = -2; = -
z ajsyz."z = cz: 2+ when i 1 and = =2} so cC a_i-
2 171 %2 172 ) 1-2
-zz'aijzzlzgj = czizg when i = -1 and j = 0; so ¢ = -a_jg
47
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The resulting term in zlzl is:

|
:
:
)
)
’ -
' 172
]

)

}

(4a-31-3 - a-2-1 - ap-1 - a-1-2 - 3-10)211{}

This expression must equal zero, since there is no z}z{ term

&

on the right side of (3.3), so 4a_j.7 - a.5-} - ag-) - a_1->

!
A

- a.jp = O.

This procedure can be extended to any number of zjith
terms. When this is done, the resulting expressions for the
coefficients of inz}j can be formed into a set of simultan-
eous equations in order to solve for the ajq coefficient
values. However, due to the symmetry condition imposed
above, some of the equations for the coefficients of the
z]ézgj terms are linearly dependent. For values of 1 and j
that yield unigue or distinct values for ajq. the resulting
z’iz;j coefficient expressions are linearly independent.

1
For example, the coefficient expression for the zllzg term
is linearly independent of the coefficient expression for
the z'fz‘? term, since a;p # aj;. But the coefficient ex-
pression for the zizoz2 term is linearly dependent on the
coefficient expression for the z%z;l term, since aj;g = apy-
Using only the linearly independent equations for a given

filter size yields a set of p equations in p unknowns, where

p is the number of unique and distinct ajj values in the in-
verse filter. The value of p is related to the size of the

desired inverse filter. If the size of the filter is N - N,
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‘ the number of unique ajj values using the symmetry of

i constraint above is:

(§:l»+1) FET Lt S N-1

o)
1
[N
(N
.
|

+

1 (3.4a)

- (mll(mz) (3.4b)

For example, with N = 7, the unique ajj values in a 7 -7
inverse filter can be represented by aj;3, ajp;, a3y, ajg,
ar», a3, Aazp, 211, Aj10., QA00- Though there are 49 elements

in a 7-7 filter, all of them are equal to one of these

|
!
é

values listed, due to symmetry. Obviously, N is constrained
to be odd for a square filter with a unique element agg in
the center.

Thne solution of the resulting p equations yields the
values for the p filter elements or coefficients. This
defines the FIR approximation to the inverse filter. It is
only an approximation due to the finite size constraint
imposed, and it might be expected that the larger the filter
size, the better the approximation.

An algorithmic procedure for ©obtaining the ajj
coefficients is outlined below. An example follows.

1) Determine the desired size of the inverse filter.
2) For each combination of (positive) i,j values corres-
ponding to a unique ajj filter coefficient, identify

the fjive term summation equation associated with each
z7tz;7 term.
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3) Combine equal aj4 values and develop a matrix of
coefficients for %he ajj values. Let this matrix be

AO
4) Denoting the vector of unique aj4 values as 5, the set
of simultaneous equations in mattrix form is: .
_ (1] .
AaT = 0 (3.5)
0
S
where
a = [agp ajp ai1 a0 a1 a2 --- ) N i
2 2

The top row of A corresponds to the summation of aj
terms that represents the coefficient of the g 8
term.
5) Solve (3.5) for a.
An example of this procedure is appropriate at this
point. For an inverse filter of size Nx N:
Step 1
Let N = 5 (therefore L = 2)
Step 2
The coefficients corresponding to each unique z=iz-3]

term are:
2020 -+ 4a - a - a - a - a
1 00 10 -10 01 0-1
21123 > 4ajp - azp -~ 300 T 211 T 21-1
1

z7lz;1 - 4ayy - a3 - ap1 - a1z - Ay
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27229+ 4apg - a3 - ajp - az1 - a1

252251 > 4ap) - a3z; - azy - azg - az-2

252252 - 4az; - azp - ajp - azz - ax;
Step 3

Combining equal terms in Step 2 and expressing the

coefficients of ajj in matrix form yields an A matrix of:

[ 4 -4 0 0 0 o |
-1 4 -2 -1 0 0
A = 0o -2 4 0o =2 0
0o -1 0 4 -2 0
0 o -1 -1 4 -1
| o 0 0 0 -2 4 |

Step 4

With A given in Step 3, the a vector for (3.5) is

a = [app ajp aj; azp az1 azz]

step 5
Solving (3.5) for a involves inverting A and multiplying

itby (1 0 0 o o 03]T. rThus: 1

a = A7t-(1 0o o o o o0)T
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Appendix H illustrates the forms of the resulting
inverse filters of various sizes, as well as the normalized
and unnormalized filter cross sections.

One way to validate the resulting inverse filter is to
convolve it with the original Laplacian difference operator.
The result should approximate an impulse at the origin.
Appendix I shows the results of this convolution using 3 x 3,
5x5, 7x7, 9x9, 15x15, and 21 x 21 size inverse filters.
It is seen there that as the size of the filter gets larger,
it becomes a better approximation to the true inverse and
the convolution looks more like an impulse.

To test the application of this filter on an actual
image, a test image was filtered using the Laplacian
difference operator. Then the resulting image data were
filtered again using various size inverse filters. The
results are shown in Figures 3-2 and 3-3. Note that the
image resulting from Laplacian FIR filtering seems more
stationary than the test image, which was one of the desired
results. Inverse filtering of that result yields images
that are progressively more similar to the original test
image as the size of the inverse filter increases. However,
a rather large inverse filter is needed to accurately
reproduce the image. The result of the 21 x21 inverse
filter is quite similar to the test image, with some loss of
contrast or darkness in certain areas, but with essentially

the same pattern. The effect of the size limitation of the
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Figure 3-2 Results of Filtering Test Image with
Laplacian FIR Filter and its Inverse
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Figure 3-3 Results of Filtering Test Image with
Laplacian FIR Filter and its Inverse
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inverse filter, as manifested in the convolution of the
Laplacian and its inverse above, would seem to explain the
lack of perfect test image reproduction. Larger inverse
filter sizes could be tried, but large inverse filter sizes
relative to image size would result in a significant portion
around the edge of the image having only a part of the
filter applied to it. This would adversely affect the

overall quality of image reproduction.
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IV. APPLICATION OF THE ARIMA MODEL TO IMAGE TEXTURES

As outlined in Chapter I, the utility of the ARIMA model
centers around the fact that a difference operator applied
to an image texture may improve the stationarity of the
image statistical characteristics. A stationary image
texture is required for accurate modeling by autoregressive
techniques, and it was hoped that application of the
autoregressively generated texture to an approximate inverse
of the difference operator may yield a more accurate or
recognizable representation of the original nonstationary
image, as compared to a purely autoregressively generated
version.

A. APPLICATION OF LAPLACIAN INVERSE FILTER TO AUTO-

REGRESSIVELY GENERATED IMAGES

As an initial examination of the effects of the inverse
filter developed in Chapter III on image textures, selected
images generated in Chapter II were input to the 21 x 21
version of that filter. Figures 4-1 through 4-3 illustrate
the results. All attempts resulted in a blurred or smoothed
version of the original image. Since the inverse of a

difference operation 1is a summation or "integration"

operation, and since integration operations can be expected !
to smooth or blur (low pass filter) signals [(Ref. 8:pp. 136-

154], the results are not surprising. However,
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Figure 4-1 Images from Figure 2~7 (top 4) Applied to
Summation Filter
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Figure 4-3 Images from Fiqure 2-14 (top 4) Applied to
Summation Filter
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except to the extent that blurring is useful or desirable,
applying the summation filter to image signals that are not
based on the application of the corresponding difference
filter to that signal seems to be of little utility.

In the remainder of this chapter we consider applica-
tion of the summation filter to regenerate actual image

textures.

B. AUTOREGRESSIVE FILTER PARAMETER ESTIMATION PROCEDURES
The first step in testing the ARIMA model is to estimate
the autoregressive, quarter plane filter parameters required
to model the real image textures and the signal resulting
from application of the Laplacian operator to those images.
For a zero-mean signal, these model parameters are found by
solving a set of Normal equations. In these equations the
white noise covariance is referred to as the prediction

error covariance. The Normal equations can be expressed as

~ - -

- - -
ao S
— ;l 0
R . = . (4.1)

where the R matrix is the correlation matrix for the signal
(block Toeplitz with Toeplitz blocks), the a vector consists
of approp:riately ordered filter coefficient vectors, and s

is a vector containing the prediction error covariance as
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the first and only nonzero element. Here aj = [ajg aj)
ajp - - - aj g-11T and ¥ = (w200 . . . 0JT.

Calculating the correlation matrix and prediction error
covariance from the image signals, and solving (4.1) for the
& vectors, provides all the parameters needed for the 2-D AR
model. The multichannel form of the Levinson recursion can
be used to solve these equations more efficiently [Ref. 2:p.

4547,

C. APPLICATION TO REAL IMAGE TEXTURES

Actual image textures used here are from the image data
base at the University of Southern California's Signal and
Image Processing Institute [Ref. 9:pp. 13-14]. The images
selected from this data base are contained in a book by
Brodatz [Ref. 10]. Portions of the images of size 128 x 128
pixels were obtained and used as a basis for processing.
Filter coefficients were calculated for the real image
textures shown in Figures 4-4 and 4-5. Various filter sizes
were tried to determine which yielded the best results in
generating a particular image, and a quarter-plane filter
size of 4 x4 was selected. Results of autoregressive
filtering of white noise using the appropriate calculated

coefficients to model each texture are given in Figures 4-6

A
and 4-7. Images generated by applying the Laplacian differ- ;
ence operator to the real images are shown in Figures 4-8 Ly
and 4-9. Autoregressive generation of these images using ’
.
s
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Figure 4 -6 Image Textures Generated Using an AR Model
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Figure 4-8 Actual Images After Laplacian Filtering
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filters with the corresponding calculated coefficients are
given in Figures 4-10 and 4-11. Finally, the application of
the signal represented by the images in Figures 4-10 and 4-
11 (without the 0-255 scaling reflected in these figures) to

the 21x 21 inverse filter described in Chapter III yields

"y R i oY -TeTEssy & ' % T e e

the images shown in Figures 4-12 and 4-13. Comparison of
all of the above results yields the following observations:

1) Autoregressive modeling of the water, grass and sand
textures yielded good results. Some of the other tex-
tures with more structure and sharp local variations
were not reproduced well.

2) Autoregressive reproduction of images created after
application of the difference operator, with the
exception of the water image, yielded generally poor
results. As observed in Chapter III, the application
of the difference operator produces a seemingly more
stationary result, but the edge structure that remain-
ed in most of the images after application of the dif-
ference operator was in general not reproducible using
a purely AR model.

A e o ¢ SEBACLCe LLANSEEEY 3 F.0. . T

Ed

3) Application of the inverse filter to the image signal
generated by AR model reproduction of the difference
operator results yielded smoothed versions of those
results. This is similar to what was observed in Sec-
tion A of this chapter when images were applied to the
inverse filter that were not based on the specific
data generated by the difference operator.

As a final test of the ARIMA model, a 64 x64 contrast
enhanced aerial photograph of trees, with smoother
variations and in general less edge structure than the other
images tested, was tried. The results are shown in Figure
4-14. Though this image seemed somewhat better adapted to
the model, overall the same observations outlined above

apply.
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Figure 4-11 Laplacian Filtered Image Textures
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Figure 4-12 Image Textures Generated Using an

ARIMA Model
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Figure 4-13 Image Textures Generated Using an
ARIMA Model
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Figure 4-14 Final Test of ARIMA Model on Contrast
Enhanced Trees (Magnification X2)
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D. SUMMARY

The effectiveness of AR reproduction of image data using
white noise input and filter coefficients calculated based
on the statistics of the image signal is highly dependent on
the nature of the image data. The water image, for example,
with its smoothly varying and rather homogeneous nature, was
quite well adapted to AR reproduction. Other images with
more structure, abrupt variations, and more non-homogeneous
characteristics, were not autoregressively reproducible to

any great extent.

Using the ARIMA model, it seems that the operation of
the inverse filter is very sensitive to the nature of the
input data. Input data that are strictly based on the
§ difference operator output can reproduce the original image,
as was found in Chapter 1III. However, the AR model used to
denerate the inverse filter input (based on the statistics
of image signal produced using the difference operator) does

not generate image data accurately enough to reproduce

images that resemble the real images tested.
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V. CONCLUSIONS

This thesis sought to explore experimentally and to
understand how linear filtering models could be used to
generate texture in images. Of particular lnterest was the
investigation of 2-D ARIMA models to see if they might be of
any utility in this effort. Some time was spent exploring
separable 2-D models to understand how transfer function
pole placement affected 1mage texture characteristics.
Image textures generated using these models and applied to
the summation filter yielded blurred or smooth textures with
seemingly little variety or utility. The ultimate test of
the model was its ability *to reproduce actual image
textures. The purely AR portion of the model reproduced a
few types of actual textures well. However, the full ARIMA
model failed to generate image textures that resembled the
source images used. Many of the textures had strong edge

differences that were not accurately reproducible by the AR
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N
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B
N

model. Also, the summation filter developed seemed very

sensitive to deviations in 1image signal data from that

.
v

generated by application of the difference operator; that

~

. "\

is, the procedure seemed not to be "robust." v
|

Since many of the images tested here have definite edge ;?
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structure, the difference image had lines which were not o
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reproduced well by the AR model. Correspondingly the

-
:-.'
el .A .
Ty B
Y
’-
..
|
. . . - . . . . i N £ e e Al et
. ey - . . P S L L N PR S S . .. . R e i i il P
L"A_ R I I e I UL P S T A A S S I R T P T FU PR VWY VU Ve V-V 3}



integrated AR model did not reproduce the original image.
For this type of image, a combination of a 1line point
process model [Ref. 11] with the integrator, would possibly
have been more suitable. The 1mage of trees had not such
edge structure and produced somewhat better results.
Further experimentation with 1mages of this type and the

ARIMA model would perhaps be appropriate.
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APPENDIX A

COMPUTER PROGRAMS, SUBROUTINES, AND FUNCTIONS

Listed below are the names, associated computer systems,
and functions of the various computer algorithms used to
accomplish this thesis research. All programs were written
by the thesis author unless otherwise noted. Program source
codes are given at the end of this appendix (except for the

MAKFIL* series).

A. PROGRAMS

1. AUTOREG (VAX/VMS FORTRAN)

The program did the tollowing:

1) Generated a 128 <128 Zzero mean white nolrse matrix
uslng subroutine PGAUSS.

2) Multiplied the white noise by the appropriate 1r-age
data standard deviation when necessary.

3) Converted that matrix into a displayable image tile
using subroutines SCALE and INTBYTE, when necessary.

4) Read filter parameters from an 1nput !1le 1nto an
array.

9) Implemented the equation:

.t
A

y(n,m) = - i Ajyy(n=i,m-y) ¢ owingm (ALY

1 0 8 !

{1, r) e K

-

a

L

using the white noilse array and the ti1lter coettiorent -
array as inputs. “
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6) Converted the array result from 4) into a displayable
image file using subroutines SCALE and INTBYTE.

7) Used subroutine SUBINTFILE to create image data files
from filter results for further processing.

8) Used subroutine NONC to apply the summation filter to
image data when necessary.

2. NONCAUSAL (VAX/VMS FORTRAN)

This program did the following:
1) Read filter coefficient values into an array.
2) Read image data from an input image file, converted it
to integer values using subroutine BYTEINT, calculated
the mean from the data, and placed the data into a
real array.

3) Implemented the equation:

L L

Il

y(n,m) ajjx(n-i,m-j) (A.2)

i=-L 1=-1L
using the image data array and the filter coefficient

array.

4) Called the subroutine NONC to implement the equation
in Step 3) a second time, when necessary.

5) Converted the result of Step 3) to a displayable image
file using subroutine SCALE and INTBYTE.

3. CONV (VAX/VMX FORTRAN)

This program performs the same basic functions as
NONCAUSAL, without having the capability ot calling
subroutine NONC. It was used for convenience 1n convolving

certain filter structures with certain test images directly.
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4. MAKFIL* (VAX/VMS FORTRAN)

This family of programs was used to create various
autoregressive and FIR filter coefficient files, using
source data manually entered into the program.

5. SPECOR2 (IBM SYSTEM/370 3033 VS FORTRAN 1.4.1)

This program implemented the equations derived in
Appendix B and created data files used in developing the

corresponding graphs.

6. SPECOR3 (IBM SYSTEM/370 3033 VS FORTRAN 1.4.1)

This program implemented the equations derived in
Appendix D and created data files used in developing the
corresponding graphs.

7. SPECOR3A (IBM SYSTEM/370 3033 VS FORTRAN 1.4.1)

This program implemented the equations derived in
Appendix F and created data files wused in developing
corresponding graphs.

8. VARIMGS (VAX/VMS FORTRAN)

This program was used to display image data files on

the COMTAL (not written by author).

9. PIEC VAX/VMS FORTRAN

This program was used to make 128 - 128 image data

files from larger image data files.

P
LIPS P

A
10. INTFILE (VAX/VMS FORTRAN) N

e

This program created appropriately formatted integer N

N

files from input image data for further processing. gj
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11. TRANS (VAX/VMS FORTRAN)

This program changed the format of filter coeffi-
cient data files 1into a form readable by the image
processing prograns.

12. NSHP (VAX/VMS FORTRAN

This program was used to convert quarter-plane auto-
regressive filter coefficient data to non-symmetric half-
plane autoregressive filter coefficient data based on the

transformation outlined in Chapter 11, Section D.

B. SUBROUTINES

1. PGAUSS (VAX/VMS FORTRAN)

This subroutine, written by C.W. Therrien, was used
to generate zero mean, unit variance white noise using RAN
(a random number generator function) SQRT, COS, and SIN
FORTRAN functions.

2. SCALE (VAX/VMS FORTRAN)

This subroutine takes an 1image data array and
converts it to an integer array with values between an input
maximum (MAX) and minimum (MIN) using the following scaling

formula:

(A(i,j)-LOW) x (MAX-MIN)

. _ 3
I(1,3) TTGH-1OW + MIN (A.3)

A(i,j) 1is the input image data array, I(i,j) is the output
integer array, and HIGH and LOW are the high and low values

of A(i,j), respectively (calculated in this subroutine).
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This is done to provide appropriate values for image files
that will be displayed on the COMTAL Vision One/20, since
the gray scale intensity level of each pixel is represented
by an 8-bit word. So values possible (in base 10) range
from 0 (darkest), to 255 (brightest).

3. INTBYTE AND BYTEINT (VAX/VMS FORTRAN)

These subroutines are necessary since data in an
image file are stored in two's complement form. The related
variable type in FORTRAN for these values is BYTE. To
process 1image data using FORTRAN implementation of the
appropriate formulas, these byte values must be converted to
integer (and eventually real using the FLCAT function) form.
Results of image processing formulas in real form must be
converted to integer (using the INT function) and then byte
form to be placed in image data files. INTBYTE converts
integer type variables to byte type variables using the
following criterion (I is an integer and B is a byte):

If I <127 and I > 0 then B = I

If I > 127 and I < 255 then B = I-256
BYTEINT converts byte type variables to integer type
variables using the following criterion:

If B > -128 and B < 0 then I = B+256

If B> 0 and B < 127 then I = B

4. SUBINTFILE (VAX/VMS FORTRAN)

This subroutine performed the same function as

INTFILE, but could be called by a program to operate on
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processed image data arrays, rather than just image file
data inputs.
5. NONC (VAX/VMX FORTRAN)
This subroutine performs essentially the same
functions as NONCAUSAL, except that it can be called by a

program to operate on an image data array.

C. APL FUNCTIONS
The APL systems on the IBM System/370 3033 and VAX/UNIX
were used for matrix manipulations and operations, for
graphing filter structures and convolution results, and for
calculating autoregressive filter coefficients from image
data. All APL functions except MAKMAT were written by C.W.
Therrien.
1. MAKMAT (IBM
This function was used to create the large coeffi-
cient matrices (A) used in calculating the FIR filter
coefficients as outlined in Chapter III.
2. CC2 (IBM
This function was used to circularly convolve the
Laplacian FIR filter and its various inverses. Appropriate
zero-padding of these filters makes the resulting circular
convolution equivalent to linear convolution (Ref. 2:pp. 70-
72], which was the desired operation.

3. GETDATA (VAX/UNIX)

This function is used to transfer image data files

*-m a UNIX subdirectory to an APL workspace.




4. PUTDATA (VAX/UNIX)

This function is used to transfer filter coefficient

data files from an APL workspace to a UNIX subdirectory.
5. MEAN (VAX/UNIX)
This function is used to calculate the mean of an
image data file for use in the APL function COVF.

6. COVF (VAX/UNIX)

This function is used to calculate terms in the 2-D
covariance function for use in the APL function CORR.

7. CORR (VAX/UNIX)

This function is used to estimate the 2-D covariance

function of the image data.
8. MVLEV (VAX/UNIX)

This function is used in APL function FF2DLEV to
calculate necessary parameters for the 2-D Levinson
recursion from the covariance function of the image data.

9. FF2DLEV (VAX/UNIX)
This function performs the 2~D Levinson recursion to

solve for the filter coefficient vector.
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AUTOREG

THIS PIDSRAM GENCRATES A [M8GY TExT QT ySINs «HTTE «QIST AS AN INPYT -
TO AN QUTORERRESSIVE FILTEY aMNSE 0AA0METCRS ARE OBTAINFD FINv Twe
FILE FILZOEF, SUARIUTINE P3A1SS IS USED TU GENERATE THE [NPUT aWlTE
NOTISE aN) SURRIUTINES SCALZT 4NN INTRYTE ARZ USED 17 PREPARE [MAGE
DATA AIRAYS FOR DISPLAY, SIBO0UTINT SUAINTCEILE 1S JUSED IF av
INTEGER FILE RESULT IS DESIRED, &NH SURRIUTINE NONC IS USED IF A
LAPLACTIAN INVERISE FILTERINS STEP 13 NEEDED.

0D OO0 OON

DEFINE VARTABLES
byte 8(3:127),bim(0:127,0:127)
;nteqer Nn,seedsrsizer,csize,onti,aml,irsjrivlsrowscol,inteq(0:127,0:1
127)
raalt*d yall,val2,un(0:127,0:127),35uw, i9(02127,0:127),c0ef(0:9,0:9
t),varemax,min,inoyt(0:127,0:127)
¢ OPEN FILZS
osen(unitzl,name="{rarnnaan,datalun.3at’',tyvyoes'nen' ,8ccessZ'direct
', recorisizazli2, maxrezz129)
ooen(units2,nymaz’(ratnnaan_ iml final9s,.9ar" ' ,tvoe="new',accessz"gi
trect',recor1s12e=32, maxraz-z129)
osen(3,fitez="lrathmnann,.jatal fcdbus.3at ', statuss'ola’)
¢ DEFINE PARAMETERS
see3=1214S567
rsizecz127
csizezti27
owniz=3
anl=}
max=229,990
ninz27.,9a0
¢ CRZATE #<4ITE NAISE ARRay
as 10 izd,rg172e
ds 20 izd,cervzes}
jolziel
calt ogauss(ses1,vall,val?l)
walisjl=vall
wal{iejol)zval?
20 contiaue
10 Ccantrauye
SCALS aRIAy AN AND CONVERT TD) ARYTE FoRw

c
[ 3!l s-ale(wa,integ,"Axsnin)
c cat) iatoyrtel(inte3z,D1m)
¢ ARITZ THI «MITZ NOISZ [MaG:Z aRRAY T0 a4 FILS
[ 40 30 §iS0,rsile
c 30 40 j=0,zs812e
c 3a(i)=dvm(,j)
[ an coMtinye
c «r1te{1'i¢t) (aln),n=0,rgize)
¢ 30 zontin, e
¢ SEAD FILTEY PAJA«ETERS [uT2 4y aPAAY
Iy 50 izd,o=1
ds 50 j=0,aw!
rea<(3,35) zo0ef(1,j)

55 faernar(120,12)

X Cant ) aue

538 Cantyvayse
¢ YU TIPLY A4ITS NIISE By WeL (+43E 3T4DaRD DEV]IATIODN

varzsarplcoet(0,0))
33 10 iz2VU,rgi2e
ds 30 j=0,csi12ze
wAalisjlzwalrsidevar
a0 conttaue
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c

AUTOREG (CONT.)

70 cantinue
aPOLY w+]T1f NOISE TO THE A JTIREGFRESSIVE FILTER
dy 110 asN,rsiz2e
as 120 ==0,zsiz€
osuw=0,0130
9> 130 i=0,0m]
g~ 14N j20,qw)
if((v,e2.0),8n9.(;.q,0)) a5 to 140
FPhmINney
colzmej
it((row.lt.0).0r.(col 1t.0)) 25 ts 140
asunz(coef(irjlein(rowecol))eansum
140 cantinue
130 cantinue
in(nem)z=(=].0000asun)ewnin,=)
120 conttnaue
110 coantinue
FILTER THE JVAGE DATA AWRQAY JSING THE LAOLACTAN JNVERSE FILTER
call aonc(in,imaut)
SCALE THZI 2WESULTING I%AaGE aRIAY awd CONVERT TD BYTE FORM
cal) scale(ymoutsrntearvras,mrn)
call intpvtelintea,nin)
WRITE THZ SENERATED I%AGE INTO A FILE
9n 150 i=0,rsize
a5 160 j=0,csize
alidYsoym(i,))
160 cCoantiaue
wrtte(2'i¢l) (3(n),n=0srsr12e)
150 ¢continue
ZLISE FILES
close{u~it=1)
¢losefu~rt=2)
cioseld)
stoo
end

NONCAUSAL

THTS P54 4 GENERQATFS AN [MAGE TErT 3¢ S5 & N0WCAUSAL FIR FILTER
4=I5T IATACITERS ARQRE UYFA[4EY FRNwW A& DaTla FILE, THE FILIER IS
2P [EY Tu Ay IMAGE. SJUBIDITINES SCALE, INTIvTE, auD 3SyTE[WT ASE
JSID T3 9RIPAPT [MAGEI NATA ARRIYS FO3 NIAP_ar., SJSROUTINE NO.C
1S USEDY 1F a4 INTEIWEDTATE FILTEA[NG STE2 IS DESIRED,

NEFINE VARTAZLES
Oyte a{2:127),bim(0:127,0:127) )
iateger n,rsize,csize,i,sjorom,col,inte3(0:127,0:127),¢tsi22,nts12e,
eindenlsintexl
real*d qeuw,in(N:127,02127?),coef(=10:10,~-10:10),mnsum,nean,3um>(0:1
127002127)shign,i0metryl{=1:128,=1:12R),wax,my
9PN FILZS
osen(ynitzl,names’'[rathnann, inlparx,Jat',tyoez'old’',access='drr
tezt',recorastzec=32,maxreczi28)
soen(uarts2,qanez'lratamann,imlarinbA, dat ', tvoe="new' ,access="31re
tzt',re-ordsizez32,naxrecz128)
odea(3,fite='{rathmann.tatalnctfilcola.Jat ‘', gtatusz'ol4’'}
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NONCAUSAL (CONT.)

¢ DEFINE PARAMETERS
1ndexlze|
1adex 23§28
rsizes) 27
csizez127
fes12e=1
sts1zez-lefgize
naxz255,040
ninz0,040
¢ READ FILTER PARAMETERS INTD an 4RRAY
gy 10 i=mfsize,tsize
d> 20 j=wfsize,fsize
reaq(3,25) coef(i,j)
25 tornat(320.12)
20 cantiaue
10 conrinye
¢ READ IVASE T) BE FILTERED INTO AY ARIAY AND CONVERT TO INTEGER
gy 30 1z0,rsize
read({'i¢l) (a(n),nz0,127)
ds 40 js0,csize
bin(i,jrzalj)
40 Contiaue
30 continus
tall ovteintlsivsintea)
¢ CONVZIRT THZ INTEGER ARRAY [NTO A REAL ARRAY AND COVPUTE THE MEAN
nguw=2,0a90
rigr==11000,040
19w=10099,040
a9 30 iz0,rsize
ds 59 j=d,cs12e
inli,j)=tioatlinten(i,j))
nsyunTin(i,jlengyn
VECIm(i,1)a2tenian) Ao~ awla, i)
Ttlarlr,jl.0t Taw! I0azv=ia,i)
LY CONtiNue
S0 cHntraye
medrIng ym/(123,30124,))
write(*%,55)nean,hignh, 10

55 tsrrat(* sriginal imaze Jata= maanz‘,412.5,' hian=',d12.5,"' low=

v 12.3)
[ SUATRATT T4E HEAY ERIN T4E DT
39 70 i=vu,127
45 30 j=u, 127
vr(irjdsinlisjlomaan
80 cantiave
70 cHneiys
¢ FI_TZIR TH4E [4AGE &3RAY
35 30 Azindexi,index?
as 107 »zintecl,innex?
A3un3).040
93 110 iz=nfsize,tsize
gy 120 i(=2nfsize,fsize
rFomzn=i
colzn=y
it ((row.lt d),0r (ecol 1)) 32 ty 120
it((ryasat.127).0ra(cal,at 127)) a5 to 120
Asunz(inlros,zol)*coet(irjlredsum

120 Cyanrinye
110 conrinue

try{(n,a)s3sum
100 cINcique

Q0 coanriays
€ CALL SJBINJTINE TO 1YvERSE FILTER FILTERED IVAGE ARRRY
[4 :all_hgﬂc(tf'vv“‘“)
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NONCAUSAL (CONT.)

A0 [HI 4E8N OF TMZ [NPUT [MAGE 10 T<E FILTEREN RESULT
95 145 i30,r842e
35 193 j=0,c8v2
Ve )3try(i, i) enagn
155 ca3ntyaue
4% coantraye
CRZIATE AN [MAGE DJaTa FILES
call systntfile(iw)
SCALE THI ESYLTING 143GS aARIAY AND CONVERT 1D BYTE FORM
€3ll scale(in,intey, max,min)
call intbytelintedrsnin)
ARTTE THI SENERATED [MAGE [WTO & FILE
85 150 i20,rsize
35 16) 30,2820
aljidzormir,i)
160 contyvue
writel(2'v+1) (a(n)onz=d,rsize)
150 continagyse
CLISE FI_ES
ciosgeluairzy)
ctoaseluy~it=?)
cltos=(3)
$tO>
LED]

CONV

T4]S PIDZReM GENIATES &N [MAGT TErTJRE USING 4 “0Q:CAUSA. FI3 Flite=x
MAST PAIAVETERIS ART OITATGED FR0v 4 D8Te SILE, TWE FILTER 1S
A92LTED) 1O av IMLGE, SUSVITINES SITaLE, I4T3vTE, AND 3vlglnT A=
J3TD T) 2MZI28R% J9AGI DATA ARN:iYS 02 N[SP av,

JTTINE vamYARLES
oyte a(2:127),00v~(0:127,0:127)
tateger N FS12€,CS128, 0, .00, 1Nt e3(02127,0:127 ) ts1zmemtsnze
real s’ 1sun.|n(0:127,0:127).coe¢(-l1:11,-il:ll).ﬂsumr“ea".au“D(O:l
127,00127)
CPt% FILES
o:eﬁ(Jnit=l,ha~e='lrarnvaﬁﬂ.‘m)arv'SS.Jat'orvre='ol1‘.accoss='d|r9
tct',recorIsizez32, ravre-x128)
s:es(;m.t:?,ngme='lrarhnaﬁn.iv)arnmaq.aat'.tvoe:'ne-',acc-ss=‘a»re
€t ,recarasizezi2, rarxrez=128)
ooeal5,t11ez"lrathmann,Jatalconv2l .72t ,status="olo’)
DETI%E PARSUETERS
rey1zez]27
csrzez127
tsize=1}
Ttgsyzezeletgyze
QEAD FILTER PAQAVETERS I4TD awN aqRay
02 10 1=mtgrzm, 98128
19 20 j2wlsrzp,i812a
rea3(3,25) coet(1,j)
25 toreat(12",12)
20 €antyaue
10 cantraya
Q€40 1L5E T AE FILTEIES 141y 87 LR34y 8N "Du¥FRT 70 [4Ti#5ER
I 30 12%,r¢1 e
read(i'vvl) (aln),nz22,127)
5 40 =N, 2512
bin(i,)¥sa(,)
0 Contraue
33 contrvaue
call osyresnrisvasraten)
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CONV (CONT.)

© CONVERT Twn: INTESED 432Av [NTD & REAL 4094y AND COWPUTE THE wEAN
*suw3). 110
95 SN 1:0,rg1 e
13 %0 )30,¢csvze
vy id=tigativateals, 1))
TSunSiw(i, j)emsym
50 €Nt aue
SI Canriaue
TeanIag s/ t10at((rsvZetl)olcsizerl))
write( e, S5 )wneyn
SS torwar(420.12)
€ SUATIAZT T “FAN FHI4 T4E [445F axRAy
35 70 12V,r51¢e
Ay 2N jzu,csrze
tn(hv,))vm(y,jlemagn
Ay Cant sue
70 contraue
€ FI_TIR V4L T4a5E aRarv
35 0 mn=z0,req1 e
a5 107 w3),=2812e
Isu~=3,0d9
33 11N v=nfgrze,tsize
9y 1297 j=wtsrze,tgrze
FfowSney
colz=maj
Vt((row.lt.0)o0r(eal. 1e.D)) a5 ts 120
it((row.ate.127).0rs(col ,30.127)) 20 to 120
dsum=(in{rowscol)ecoet(1,j))r4sym

120 chrntinue

110 LRIV
duars{~,m)izgsun

100 €At Yaue

A Ccanrraye
€ STALI T~ AESULTING T48GT 8RI&Y ANY TONVERT TI 3ylg FORM
cal) scayie(Auno,inteq)
ca3ll i1ntovtelintearssin)
¢ ARITE 79I SEVERATED I9AGI INTO A& FILSZ
33 15" i=0.rsize
da 150 3=%,:81z6
alj)=zsinly,})
160 €3Nt iAaue
wr1te(2'iel) (a(n)snzdrrsize)
150 continue
¢ CLISI Tl_%t5
close{u~ir=z])
c1ose(u~rt=2)
cioasel(dy
stos
ead
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SPECOR2

C  THIS PROGRAM SCLVES EQUATIONS FOR SPECTRAL CONTENT AND CORRELATION
c IN ONE DIRECTION OF A GIVEN AUTOREGRESSIVE IMAGE MODEL. IT wRITES
c THESE RESULTS TO DEVICES 3 AND G RESPECTIVELY.
C DEFINE VARIABLES
INTEGER 1.X
REAL®S Pl ALPHA THETA, W, ALPHAS . SXW.RXK (=6 9:49),3, ALPHAK
C DEFINE PARAMETERS
P1s3.14159265¢4
ALPHAR0 . 999999
ALPHAS sALPHARR2
C START X AXIS LOOP AND DEFINE X VALUES
DO 10 1.0.99
We(~1.08P1)e(2. OWPIn(FLOATI]I)/99.0))
C DO SPECTRAL ANALYSIS
SXWel.0/01.0=-(2.08ALPHASCOS(N] ) *ALPHAS )

HRITECS .15 ), SXM .
1S FORMAT(F10.5.1X.R10.S) -
10 CONTINUE .

C DC CORRELATION FUNCTION SOLUTION
0 23 Ke0.49
ALPHAK s ALPHARRK
RXK(KX)# (ALPHAK/ (] . 0-ALPHAS))
le-]axg
RXK(])eRXK(K)
23 CONTINUVE
CO 30 Ke=¢9.49
ZaFLDATI(K)
WRITZ(4,25)T.aXX(K)
2S FORMAT(F10.0.1X.F20.15)
30 CONTINUE
sTcep
END
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SPECOR3

THIS PROGRAM SOLVES EOUATIONS FOR SPECTRAL CONTENT AND CORRELATION

IN ONE DIRECTION OF A GIVEN AUTOREGRESSIVE [MAGE MODEL. IT WRITES
THESE RESUALTS TO DEVICES 3 AND 4 RESPECTIVELY.

DEFINE VARIABLES

INTEGER [.J.M

REAL=G P, ALPHA , THETA ALPHAS . ALSPA . ALPHAS ALPHAG ., THOTH.COSIT, . M. A.B
8, C082W. SNl , SAM. K ALPHAK XTHETA . ALPHZK . KP2THP ,KTHM2 , INTERM . RXK (-6 :
“%9).2

DEFINE PARAMETERS

PleS. 161592654

ALPHA®D. 9

THETAeQ .00 (P[/12.0)
IF(THETA.EQ.0.0) THETAS0.00000!
ALPHASsALPHARSS
ALIPASALPHASsALPHA
ALPHASsALPHASSD

ALPHAG e ALPHARSG
CCS2T=COS(2.0eTHETA)
TWOTHs2 .0 THETA

START X AX1S LOOP AND DEFINE X VALUES

DO 10 1=0.99
We(~1.08P[){2.08P1e(FLOAT(])/99.0))

DO SPECTRAL ANALYSIS

15
10

S
4“0

AsTHETA-N

BeTHETA W

COS2weCOS(2.0wK)

SXiw ] 2ALPHAS~ (COS(A)RALSPA)e (ALPHASWCCS2T )~ (COS(BISALIPA) ¢ (ALPHAS
0=sCO52W)

SHWsl . 0/7(1.02ALPHAG (2 09SXKW]))

MRITE(I.15 )W, SXW

FORMAT(F10.5.IX.F10.5)
CONTINUE °

? € DO CORRSLATION FUNCTION SOLUTION

DO 33 J=G.49
KaFLOAT(J)
ALPHAKsA_ PHASS )
KTHETAaKaTHETA
KP2TMP e ((2.00K)eTHETA)=P]
KTMP aX THETA~P |
INTERMa (COS(KPITMP J= (ALPHASSCOSIKTMP ) ) )/ (1. 0°ALPKAG=(2.0nALPHA
#SaCOS{THOTHY))
RXK(J e (ALPHAK/ (2 00 ({SIN(THETA )22l ) ) )In((COSIKTHETA}/(].0—ALPKA
#5) ) INTERM]}
GO TO 3¢
RUK(J)n(ALPHAK®(2.0+K))/(2.00((].0~4L PHAS)uR2))
Ma= oy
RXK (M) eRNK (J)
CONT INUE
DO 60 s=-69,49
J=FLCAT(I!
WRAITElLG.GS ) RXK(J)
FORMAT(FIC.1.1X.F33.15)
CONT INUE
sTCP
END
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SPECOR3A

C THIS PROGRAM SOLVES EQUATIONS FOR SPECTRAL COUNTENT AND CORRELATION
c IN ONE DIRECTION OF A GIVEN AUTOREGRESSIVE IMAGE MODEL. T MRITES
c THESE RESULTS TO DEVICES 3 AND & RESPECTIVELY.
C DEFINE VARIABLES
INTEGER [,.J.M
REAL®S PL.A.B.AB.AMBS . AS.B8S.AK] . AKY BK1,.BKI, INTERM . RXK(-49:49),2.A
oK, KP2.KP1,0PAS.OMAS
C DEFINE PARANETERS
PIe3.1618926%5¢
aAn=0.9
B=-0.99999
ADsasp
AMBSs (A-B)ma2
ASsA®nn2
BSoBre?
C START X AXI3 LOOP AND DEFINE X VALUES
DO 10 [=0,99
Wu(~1.00P1)o(2.00P]u(FLOAT(I)/99.0})
C DO SPECTRAL ANALYS!S
COSIWsCC3(Z.0oM)
SXW1®1.0-(2.0%(A*Be(ASOR )¢ (APBS))aCOS(N))e(2,0%ABeCOSIN)
SXhwl . 0/(SXAl*AS (2 JuAnB)+8S-(ASeBS))
WRITE(S. |5 e, SXW
15  FORMAT(F10.5.,1X.,F10.95)
19 CONTINUVE
C S0 CCRREVATION FUNCTICN SOLUTION
22 I3 Jeg.co
IF(A.ES.8) GO YO %
AKlsAne{ s])
: AKSsAmu{je2)
BKlsBen()e])
BKZ1Buww( jo2)
INTERMe (AKZ/(}.0=AS)=(((AK]aB)eaaBK}) /(). 0-AB))e(BKI/(]1.0-83)
")
RUYK(J)e(]1.0/AMBS )® [NTERM
GO YO 3¢
3s AKaAR
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V. R c AUTOCO TION
0) ) H (o) AUTOREGRESS ODEL

Power Spectrum

|H(eI®) |2 = H(ed¥) - (H(ed))* = H(eI¥)H(e™I¥)
In this case:
1

H(eJw) = —— H(e~3%) =
1l +ae Jw

1
1l +aejw
calculating H(e¥ )H(e"3¥):
1 - 1 _ 1
(L+ae 3% (140ed®)  Ltoe Prget®+? 1420008 () +0°
The final result is:

l
(1+a2)+2acos(w)

Sy(w) = |H(eIw)2? (B.1)

Autocorrelation Function

Starting with H(z) for this case:
1

1 +az
Per Ref. 7:p. 158:

H(z) = T

2=1[H(z)] = h(n) = (-o)M-u(n) for a < 1
(u(n) is the unit step function)

Per Ref. 5:pp. 391-395, for the white noise input case:
oo

Ry(2) = }  h(n)-h(n-2) (B.2)

n=-(b

Substituting h(n) above into Eq. B.2
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J ™ ™ 20

R, (L = Z
y (*) sy
= 1 [ z (-a) 2n b 2_ 0
(=a)” n=2

The summation term may also be expressed as:

o] 0 Q-l
z (-a) 2n = ;‘ (=) 2n - z (-a) 2n
n=% n=0 n=0

Per Ref.12:p. 8, the summation terms on the right are equal
to:

o =1 22
2n 1 2n _ 1-(-a)
(<) = ———— (a<1) } (c) T = (@ < 1)
nzo 1-(-a) n=0 1-(-a)
As a result:
o 2% 2%
z (_a)2n - 1 — - 1= Ot)2 - (=a) . (o < 1)
n=4% 1-(=a") 1-(-a) 1-(~a)
Substituting and using (-¢)2 = g2 yields:
2% 2
1 (-0) (-0)
R,(2) = . = £2>0andac<l (B.3)
o (—a)l 1 -a2 1 -a2
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APPENDIX C

G c R POWER SPE UM TOCO LATION
FUN N FOR T TWO POLE OREGRESS MODEL

Power Spectrum
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APPENDIX D

DERIVATION OF THE POWER SPECTRUM AND AUTOCORRELATION
* FUNCTION FOR THE FOUR POLE AUTOREGRESSIVE MODEL

Power Spectrum

|H(eI¥) |2 = H(elw) H(e"Iv)
In this case:
H(e™J) = =36 3 6 o, 3 6+0) - S6=) 2 3%
(l-ce J er)(l-aeJ eJ ) l-ce -ae +0 e
: 1
H(elv) = =35 = 6 0. S 6w) 3 (0-0) 2 -320
(1-ce % Jw)(l-OLeJ e %) l-ce —qe +a e

Multiplying the above expressions yields:

. . 1
H(el¥)H(e"I¥) = : : — . :
(e)*) ) Tmood (=) __ -3 (8+) __2_-320___3(6+w), 2326, 2

= o33 (Bmw) _ m3 (8w 2, 2 =320_ 3 =3 (6-w)

+ o2ed2W_y3o] (B+w) _ 3.-7 (6+w) 4

Combining terms:

H(elW) -H(e~) 1

_ - . . __-2
l+2a2+a4—a3(e J (6 w)+ej(8-w))+a2(e326+e ] 6)

_ 0L3(ej(8+w)+e-j(8+u)))_*_OLZ(ej2uu_|_e-j2w)

_ a(ej(e—m)+e'j(9~w))_a(ej(e+w)+e‘3(9+w))
Using Euler's relation and combining terms:

H(eJW) -H(e"I¥) = 3 L
l+o

+2 (02-cos (5w [0 +a] +alcos (28) -cos (6+w)

X [a3+a] +L12005 (2w))
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Using cos(6-w) + cos(6+w) = 2cos(8)cos(w), and since

Sy(w) = H(eJ¥) -H(e"J¥)- 02, with 02 = 1 the final result is:

1
Sy(w) = ) ) 3 V) (D.1)
1+0 42 (0°=2 [a”~a] cos (8) cos (w) +0.“ (COs (26) +cos (2w) ) )
Autocorrelation Function
1 1
H(z) = Ly R R —5 = Feu— -~
1-0e3977 1 e738,71,,2,72 1- (e3%e738) 212,72

Using Euler's relation:

1
H(z) = — — |z] > |a]
1-20c0s(6) 2 l+a2£ z

Per Ref. 7:pp. 204-216, partial fraction expansion can be
used to find the inverse Z transform. To do so H(z) can be

expressed in the form:

H(z) = 1 - z

(l-ae-Jez_l)(l-aejez-l) (z-ae %) (z—ae?®

)

Using the partial fraction expansion and table look up [Ref.

7:p. 158] yields:

n

h(n) = S—.m—a(e-)-cos(new—%) ‘u(n) for a <1 (D.2)

Since cos(¢6 - %) = sin(g), the final expression for h(n) is:
n
h(n) = oy sin((+1)6) -uln) a<1 (D.3)
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For simplicity in further derivation of Ry (2 ) based on h(n),
Eq. D.2 will be used.

Using the expression for the autocorrelation function of
a random process represented by the above filter with a

white noise input [Ref. 4:pp. 391-395]:

o0 -f, oo
Ry(2) = § h-h-t) = —2— ] o’ cosmo+s-])
n=—c sin“(8) n=f
- cos((n=1) 6+6-3) (D.4)

n=2%2 in the summatipn index since h(n) is causal. 1 is
assumed to be greater than zero here. For < O, RY(Q) =
Ry(-%2) by symmetry of the autocorrelation function (Ref.
5:p. 388], so we can proceed assuming only positive values
of L.

Using the trigonometric identity for a product of

cosines:
o T 2n.l 1
Ry(2) = —5— ] o [ -cos(20)+500s(2n0-26+26-1)] & > 0
sin”(8) n=t
@) - T 2n -t T 2n
R (1) = =22 oM=L ] o (2ne-18420-m)  (D-3)
- Y 2sin“(8)  n=g 2sin(8) n=g
2 >0
o o g-1 _ '
using § + J - ] and standard geometric progression |
n=4% n=0 n=0 ~
identities [Ref. ]2:p. 8]: ?
)
o0 =1 2 N\
n 1 n l-a
a = 1=z and I N
nZO o n=0 1-a ‘
N
ZQ
lll :%
l\|
'.\I
K |
=
d“
K

.

.....



For the first term in Ry(z)

s 2n ® on 1 oo _ 1 1-02*
o = z a - z a = p) =
=% n=0 n=0 1-o 1-a
a22, 5.6
= : 5 (D.6)
—a
For the second term in Ry(8):
let ¢ = =26+ 20~
Using Euler's relation:
3 (2no+¢) e-j(2n8+¢)
oos(2nf+¢) = V3
% ® - -3 (2n6+
) o2 cos (2n6+9) = %. ) a2n[e](2n6+¢) + e 1 (2n8+0),
n=% n=4L
_ %_ 020 . o] (2n6+4) +% ) 42N, (2n6+9) (D.7)

=L n=4£

For large n, it is evident that the 22P term will tend
to make the term in each sum approach 0 for o < 1, and thus
ensures convergence and a closed form expression for each
term. Pursuing the mathematics required to find this closed

form expression we have:

. ij¢ =
OL2n_e3(2n6+¢) - Ei_ E
=1 =¢

1 c~18

N jo @ -1 .
1 ()2 = ] @) -] (edHM
2 2 n=0

n=0
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" e b'a e 8'a8's b . .+
1 ) <, LY L3 DA ¥R ¥y oNe ¥ e dp” IR T S Pl i ¥ oep? 8.V L AN ) L] (XWX

1 °§ 2. 2nee)  _ ej“’[ 1 _l—(ouej_e)m]
) 2 1-0e3%?%  1-(0?%)?
o2h. I (20040)
= = (D.8)
2(1-(ae?%) %)

For the conjugate term we must have:

n _-j(2n6+¢) _ a2£.e-j(?e£+¢)
2 2(1-(ae3%) %)

(D.9)

Next a common denominator must be found to sum these two

terns:

a2t I 1o e73%?)
2(1-(e?%?)  (1-(ee739)?)

o203 (20040) _ (2042) 3 (208-26+9)

2(1—(aeje)2-(ae-j6)2+a4)

oL2!2,‘e—j(2652,+4>) (1—(aeje)2)

2(1-(ee 392 (1-ed9)?

_ 0LZJLe-j(262+q>)_Ol(22+2)e--j(28!L-2€3+¢>)

2(1- (0e3%) %= (ae™7%) 210t
By Euler's relation:

36,2_ 2, 4

) (ae-je) +o = l—2azcos(28)+a4

1-(ae

Adding the terms with the common denominator yields:

o"252,[ej(2851-0-(1))_@2ej(28!&—26~+-¢>)_'_e--j(26$l+¢>)_0‘2€-j(285?'-28+qb)]
2

2 (1-20°cos (28) +o%)
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Again using Euler's relation the above expression reduces

to:

a22[cos(262+¢)-azcos(262-26+¢)]

1-20%008s (26) +a

(D.10)

which is the sum of the last two terms in Eq. (D.7).

Substituting Eq. (D.10) and Eq. (D.6) into Eq. (D.5) yields:

cos(le)-a-zla22 ]

2sin” (9) 1-a

L
Ry()

" [aZQ[cos(2ez+¢>—a2cos<291-29+¢’] (D.11)

2sin® (8) 1-2a2cos (26) +a*

+

Combining and canceling terms and substituting for ¢ and

noticing that the same result must hold for £ < 0 we have:

o cos(]2]8) . cos((2+]|2])6=m)-acos (]2 |6-T), (D.12)

Ry = e 2 7 )

Y 2sin“(0) 1l-a 1-20“cos (20) +o.
'§
R
]
L
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APPENDIX E
PHIC. SULTS R _THE POWER SPECTR AND AUTOCORRELATION
FUNCTION FOR THE FOUR PO UTOREGRESSIVE MODEL

Power Spectrum
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APPENDIX F
DERIVATION OF OWER RUM_AND AUTOCORRELATION
FUNCTION FO H o) OLE AUTOREGRESS MODEL
W 0o S ON T AL_AXIS

Power Spectrum

Using initial results from Appendix D with the necessary

modifications (including © = 0) we have:

H(e™I¥) = L
1 j2w
—Cl e -G-be a(].be
: 1
H(el¥) =

'w -j2w

1o, e -ﬂbe T 08

Therefore:

1
-Jw_. 37w ~J2w_
l—aae asd +aaqse o el agb

H(el®) -H(e™I¥W) =

2 e, JJw 2 2-7
aase -abe 4ﬂa ~Hﬁ)uaube
+ a abeJ -0 abejw aabejw Zai

Combining terms and using Euler's relation:

H(el?) -H(e=3¥) = 5 5 1 5
1- (aa+ab+aaa.b+a ao'b) »200s (w) +2o.aoboos (2w) o ﬁ

-
n e

2 22
+'2“aabﬁﬂfﬂaab

-’ al

A 4

1M Al e
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Assuming 52 =1 and since Sy(w) = H(ejw)°H(e‘jw)-02, the N

final result is:

1 !
Sy(w) = :
y\w 2 2 2
1-2(aa+ab+aaab+aaab)cos(w)+2aaabcos(2w)+aa+2aaab '
H
2,22 (F.1) -
-rabﬂ%ab .
]
Autocorrelation Function X
1
H(z) = o —— =)
l-aaejez l-ube Jez 1+aaozbz
Letting 6 = 0
2 A
H(z) = 1 - z

1—(aa+ab)z_l+aaabz‘2 22-(aa+ub)z+aaub ?

z[ > [af

Expanding in terms of partial fractions we have:

aa zZ ab Z

HE s e e T, Ty

,
1

.
)
LY

This corresponds to the impulse response

a
h(n) = ( f o+ a? -ag)'u(n) a <1l (F.2)
%a a %%

Proceeding as in Appendix D:
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n+l n+tl n+l-2 n+l-2

o % a %
Ry (L) = h(n)-h(n-2) = Z( T b o) (e )
Y n;zm n=L a % % a O‘a 0tb % o‘a
(2 >0)
w OL2n+2-5L OLn+1' n+l-% an+l-2- n+l
() = a a + a
Ry n—k (a -ab) (aa-ab)(ab—aa) (og,m01,) (o ~0)
2n+2-2
+ —'"——"'2] (2 i 0) (F‘ 3)
(ab_aa) ({
Since (aa-ab) =-(0Lb-aa):

2 2
(@mog)™ = (gma )™ = —logmap) (o) = -(o-a) (e -0)
So:

1 2-% ¢ 2n -0 ¢ n
R (2) —=—lo ot - a ) (o o)
Y (o o) a nzﬂ a a’b n={ 2

o2 Zaénl (> 0)
=g,

- aba Z (aba )"

Continuing with the same principles and assumptions as in :

Appendix D, we have: '

> o oo om0 1B & .

) = ] o7 - = z " Z - 2 ,

n=¢ n=0 n= 1-a 1-q 1-a

f & = v o - 0L 8 = 1 _ l-a” _ _gf

n=% n=0 =0 l"g. 1-a 1-a -.
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Making the appropriate substitutions in the expression for

RY(Q), we have:

o o
__l_[OLZ—SL(a ) - a 1-2 %% )

R () = 2 p) (l-
'S _ a _ a 6]
(aa o'b) 1 %a a’p
' o
1-2 ~a 2-2
- oo, ¢ ) + (—=) (1 >0) (F.4)
DYa ‘T=a % *p 1_012)
Combining terms yields the final expression:
2+L L+1 2+1 2+4
Ry (2) L e, laEb b, (F.5)
= 2 2 1- 2 .
Y (aa-ab) l-aa %2% l—ab
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